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Three-Surface Aircraft - Optimum vs Typical

Kamran Rokhsaz* and Bruce P. Selbergt
University of Missouri—Rolla, Rolla, Missouri

Comparisons of the induced drag for a three-surface general aviation aircraft were made using a vortex lattice
method and Prandtl-Munk theory. Substantial differences between the two prediction methods have been
shown in the presence of practical nonelliptic spanwise load distributions. At the same time, a parametric study
using the vortex lattice method has been carried out to determine the sensitivity of lift to induced-drag ratio to
different design variables. Using the resulting trends, a three-surface general aviation aircraft has been modeled
and compared with its equivalent canard and conventional configurations. It has been shown that although the
three-surface geometry is more efficient than a canard configuration, it remains inferior to a conventional
design.

Nomenclature
M. = aspect ratio
B — canard load/tail load
b = span
CL = lift coefficient
CD = drag coefficient
CD. = induced-drag coefficient
DJ = induced drag
e = efficiency factor
G =gap, vertical distance to the wing/wing span, positive

above the wing
L =lift
q = dynamic pressure
S .= stagger, horizontal distance to the wing/wing span
S =planform area
V = airspeed
a = geometric angle of attack
X = taper ratio
A = sweep angle
cr =PrandtPs mutual induced-drag factor

Subscripts
c = canard
t =tail
w =wing

Introduction

MANY researchers have studied the effects of aerody-
namic interference among the lifting surfaces on the

overall efficiency of an aircraft. The simplest method of anal-
ysis was offered by Prandtl1 for elliptically loaded surfaces.
This method also takes advantage of the Munk's stagger theo-
rem,2 therefore being called Prandtl-Munk theory. Consider-
ing that this theory was primarily developed for hand calcula-
tions, elliptic load distribution on all surfaces plays a pivotal
role in this method. Laitone3 took advantage of this theory to
demonstrate that, in the presence of a nonzero gap between
the tail and the wing, the optimum induced drag can be
achieved by a slight positive load on the tail. Later, he offered
a modified form of the Prandtl-Munk drag formula for study-
ing canard and tandem wing configurations in Ref. 4. By

Received Oct. 28,1986; revision received Feb. 7,1989. Copyright ©
1989 American Institute of Aeronautics and Astronautics, Inc. All
rights reserved.

* Lecturer, Mechanical and Aerospace Engineering and Engineering
Mechanics. Senior Member AIAA.

fProfessor, Mechanical and Aerospace Engineering and Engineer-
ing Mechanics. Associate Fellow AIAA.

considering an elliptically loaded canard and a uniformly
loaded wing, he demonstrated some differences that can arise
in nonelliptic cases. Kroo5 offered yet another modified form
of the Prandtl-Munk expression for drag of a canard with
elliptic load and a wing with general load distribution. These
studies were all aimed at analytical solutions. McLaughlin6

performed a comparison between the Prandtl-Munk method
and vortex lattice method of determining the drag of conven-
tional and canard configurations. Although demonstrating the
efficiency of the conventional designs, he concluded that the
classical theory was an accurate method for drag prediction.
However, the vortex lattice method used in his study was that
of Lamar,7 which optimizes the spanwise camber and twist
distributions for minimum induced drag. The drawback of
this method is the resulting complex distribution of camber
and twist, which may not be feasible for a general aviation
aircraft.

The aforementioned studies have all been concerned with
two-surface aircraft. Using the Prandtl-Munk method, Butler8

and Kendall9'10 studied the aerodynamic behavior of three-sur-
face airplanes under trim conditions. Although the former
showed aerodynamic gains at high lift coefficients, the latter
suggested possible induced-drag reductions over the entire
flight envelope in comparison with other geometries. The
limited vortex lattice results presented by Rokhsaz and Sel-
berg11'12 and wind-tunnel tests of Ostowari and Naik13 showed
that a three-surface aircraft, while being more efficient than a
canard, remains inferior to conventional designs. These stud-
ies were performed at practical static margins during cruise
flight.

The purposes of this research were:
1) To compare the vortex lattice method with the Prandtl-

Munk theory for canard and three-surface configurations with
nonelliptic, "practical," load distributions, to determine if the
Prandtl-Munk theory has any usefulness for these normal-
type load distributions. Practical distributions are defined as
those that would be obtained with wings having constant air-
foil sections with span, constant taper, and either linear geo-
metric twist or no twist.

2) To study the behavior of CLtfi /CD. in terms of the load
ratio between the canard and the taS of tWee-surface aircraft.

3) Finally, to model a typical three-surface aircraft, and
look at the CLiri /CD. using the vortex lattice results in com-
parison with both canard and conventional configurations for
various flight conditions.

Baseline Aircraft and Method of Analysis
A typical six-place business aircraft was chosen as the base-

line for this study. Table 1 shows some of the characteristics of
interest of the model. More detail information about weights
and general geometry are given in Refs. 14 and 15. Two
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additional aircraft were also formulated for the study; a ca-
nard aircraft and a three-surface aircraft. The weight and the
wing area of all three aircraft were held constant. The sum of
the control surface areas was also held constant between each
configuration.

The lifting surfaces were analyzed with respect to inviscid
flow, viscous flow, and induced drag. Viscous airfoil drag was
obtained from a combination of a two-dimensional vortex
panel program for the inviscid flow and a momentum integral
boundary-layer method. This viscous-drag approach was
taken to provide drag data for wide range of arbitrary
Reynolds numbers for which published data was unavailable.
The accuracty of the method has been well-documented.14'16'17

The induced drag was calculated using both Prandtl-Munk
theory and vortex lattice method. The vortex lattice method is
an expansion of Bertin and Smith18 to take into account the
effects of airfoil camber and thickness through airfoil section
input data of Q and Q . The method was also extended to
analyze multisuriace designs. Panels of uniform width were
used along the span. This method yields wing-efficiency fac-
tors, which are less than one without leaving out any of the
wing span in the computation. Typical comparisons with
NASA experiments are shown in Fig. 1, which has lift coeffi-
cient vs drag coefficient for an unswept wing of ^l = 9. The
viscous-drag component was added to the induced drag at the
local Q and then integrated to get the wing C/>. The total lift
coefficient was also integrated from the spanwise distribution.
These predictions are very good up to when boundary-layer
separation begins. This program was also expanded to esti-
mate the longitudinal stability and control characteristics of
the design and to trim the configuration by reorienting the
stabilators. Figure 2 demonstrates the good accuracy of these
methods when applied to the multisurface tandem wing ge-
ometry of Ref. 19.

________Table 1 Six-place business aircraft_________

Gross take off weight
Swsc + st
&w
sRc == "V

AW — AC — At

4600 Ibf (approx.)
120 ft2

36ft2

12
9.0
0.8
0.243 (approx.)a

-0.075

Longitudinal stability and trim equations used here were
essentially the same as those of Refs. 11 and 12. Here again the
auxiliary equation required for uniqueness in three-surface
cases was taken to be

t = B (1)

For the best performance, a search had to be performed for
the value of B resulting in the largest value of CLiim/CD..
Static margin was set at 20% of the mean chord. This1 value
was maintained for the generic aircraft by moving the center
of gravity. For the six-place configuration, the wing was
moved along with the center of gravity.

Results and Discussion
As a first step to understand the degree of error that may be

introduced into the estimation of the induced drag, a canard
configuration was formulated. The area of the canard was
reduced in successive steps while keeping the planform charac-
teristics the same. Parameters of interest of the canard and the
wing are given in Table 2. Figure 3 shows the variation of

O
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aCorresponding to V = 500 fps at 20,000 ft
Fig. 2 Comparison of numerical and experimental results for a
tandem wing configuration.

1.6

1.2

0.8

CL

0.4

0.0

-0,4

SINGLE WING
/R = 9.02, X=0.4, A =0°, 2°WASHOUT

EXPERIMENT
NACA TN-1579

VORTEX LATTICE

0.00 0.02 0.04 0.06
C,,

0.08 0.10

Fig. 1 Comparison of vortex lattice and experimental results for a
single wing.
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Fig. 3 Efficiency of the wing used for the canard configuration.



AUGUST 1989 THREE-SURFACE AIRCRAFT 701

efficiency with lift coefficient for these planforms with 3 deg
of washout. The induced drag of the coupled system was
calculated using the vortex lattice model discussed earlier. The
lift coefficients of both surfaces under all conditions were
maintained at about 0.7, which corresponded to near-opti-
mum efficiency of the uncoupled surfaces. With this model,
trim was not of primary concern. For the total induced drag,
Latione4 gave the following relation:

ewbw
+ 2 - bwbc ecbc

2 (2)

where ew and ec are the efficiencies of individual surfaces when
considered alone; e3 is an additional efficiency factor associ-
ated with mutual aerodynamic interference. This expression
reduces to that of the Prandtl-Munk theory if

Taking the induced drag calculated from the vortex lattice
method, the interference parameter a/e^ was calculated from
these expressions for two different gaps. Figures 4 and 5 show
the comparison of the results with those of the Prandtl-Munk
theory and Laitone's results. In both cases, the results are
considerably closer to those of Laitone, even though in his
cases the wing carried a uniform load. As shown in these
figures, the classical Prandtl-Munk theory consistently under-
predicts the total induced drag over the entire range of span
ratios for gap of 0.2 and for span ratios greater than 2.0 for
zero gap. Furthermore, comparison of the two figures demon-
strates that aerodynamic efficiency of the total system does
not improve as rapidly with increasing gap as the classical
method indicates. The reason for better agreement with

________ Table 2 Generic canard configuration ________

sc

Washout
AW = AC

12.5
0.2
0.0 and 0.2
1.00 to 3.75
2 deg
0.6

Laitone's method in this case is the depression of the load
distribution near the midspan of the wing due to the down-
wash of the canard. This brings the actual variation of the load
closer to a uniform distribution assumed for Laitone's method
than an elliptic one as in the Prandtl-Munk theory. Results
given by Kroo5 and Lamar7 also support this reasoning.

The next cases considered were those of the generic three-
surface airplane mentioned in the previous section. The char-
acteristics of this configuration are given in Table 3. The ex-
pression for total induced drag given by Kendall9 is

* i = \ b ) + VV + W + 2a"clHr
. ~ ^t c t

+ *0\vt i 7 + *0ct ~T"T~bwbt ocbt
(3)

Here, the aircraft was trimmed at static margin of 0.2. First
the effects of stagger variation were considered. Figure 6
shows the ratio of trim lift to induced drag as function of the
load ratio B as predicted by the Prandtl-Munk theory. Figure
7 illustrates the corresponding results from the vortex lattice
method. Comparison of these figures shows that the best
lift-to-induced drag ratio predicted by the classical method is
considerably higher than the vortex lattice values. Also the
load ratio corresponding to the highest CLtTim/CD. condition is
quite far from negative unity as predicted by the
Prandtl-Munk theory. Furthermore, as is evident in Fig. 7,

_____Table 3 Generic three-surface configuration_______

CLtrim

AW = AC = Af

Sc

Oc
Gt

0.237
38.0 ft
0.8

12
9.8
0.15, 0.25
0.15, 0.25

- 0.2, 0.0, 0.2
0.0, 0.2
0.10 and -0.10

CANARD, Gc=0.0

>R =12.5, A=0.6, A=0, C * C * 0.7
w c

1,0

0.8

0.6

0.4

0.2

0.0

3 WASHOUT, Sc=0.2

PRANDTL (ZZ_._
ANALYTIC

VORTEX LATTICE

ANALYTIC

VORTEX LATTICE

1.0 1.5 2.0 2.5
b /bv*/ c

3.0 3,5

1.0 r

CANARD, Gc=0.2

/R =12.5, A=0.6, A=0°, CL* C *0.7

3° WASHOUT, S= 0.2c
______ ANALYTIC

0.
______ VORTEX LATTICE

ANALYTIC

VORTEX LATTICE

0.0
1.5 3.0 3.5

Fig. 4 Comparison of the mutual drag factors at zero gap.

2.0 2.5
bw/bc

Fig. 5 Comparison of the mutual drag factors at a gap of 0.20.
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Fig. 6 Effect of stagger on CL^^/Cog as calculated from the
Prandtl-Munk formula.

150

140

130

-trim

120

110

100

GENERIC AIRCRAFT
VORTEX LATTICE

§ =S =0.25, G = G = 0 . 0
C T C T

__ 1.778

O.I 2.0 4.0 7.0 10.0.2 0,4 0.7 1.0
-B

Fig. 8 Effect of the canard-to-tail-area ratio on CLtrim/Cp|. from
vortex lattice results.

150

140

130
Ltrim

120

110

100

GENERIC AIRCRAFT
VORTEX LATTICE

0.25 0.25

.__ 0.15 0.25

-_ 0.25 0.15

.__ 0.15 0.15

O.I 0.2 0.4 0.7 1.0
-B

2.0 4.0 7.0 10.

Fig. 7 Effect of stagger on CLtTim/CDt as calculated from the vortex
lattice method.

reducing stagger of the canard increases the overall perfor-
mance. From the viewpoint of stability and control, this corre-
sponds to reducing the volume coefficient of the canard and
therefore reducing its effectiveness. However, when the same
reduction in the canard volume coefficient was produced by
reducing its area, the maximum value of CLt[i /CD. did not
increase by much. Instead, the penalty associated with off-de-
sign operation became less severe, as shown in Fig. 8. Results
shown in this figure were obtained by keeping the total stabi-
lizer area and the aspect ratio of each surface fixed.

Another parameter of interest for the three-surface case was
the relative gaps. Figure 9 shows the results of varying the
gaps. As shown here, the best values of lift-to-induced drag
ratio are associated with positive gap of the canard. Ironically,
the high-tail case appears to offer the worst performance.
Also, as this figure shows, there does not appear to be a large
difference among the best values of CLirim/CD. for different
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Ltrlm

120

110

100

GENERIC AIRCRAFT
VORTEX LATTICE

Sc = Sf =0.25

_—_ -0.2

0,1 0.2 0.4 0.7 1.0 2.0 4.0 7.0 10.
-B

Fig. 9 Effect of gap on Cz,trim/CD/ from vortex lattice results.

configurations, but the off-design drag penalty of the high tail
high canard can be rather large.

Figure 10 demonstrates the effect of the wing pithcing mo-
ment coefficient. This figure shows how the maximum value
of CLirim/CD. decreases when the wing pitching moment be-
comestnmore'negative. Also, the load ratio corresponding to
the best lift-to-induced-drag ratio becomes smaller in magni-
tude as the wing pitching moment becomes more negative.
This is in contrast to Figs. 7-9, which were generated for a
symmetrical wing with no pitching moment. In fact, for wing
pitching-moment coefficients larger than 0.075, the load ratio
became positive (i.e., upload on the tail was required for best
CL -m/CD.).

Finally, the effect of trim-lift coefficient on the load ratio
was studied. The value of the optimum load ratio became
more negative with increasing CLtrim (from about -2.4 for a
lift coefficient of 0.2 to about -16.5 for a lift coefficient of
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Fig. 10 Effect of wing pitching moment on CLtrim/CD; from vortex
lattice results.
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Fig. 12 Effect of wing-taper ratio on CLtrim/C/). with the best wing
washout for the six-place design from vortex lattic results.
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Fig. 11 Effect of wing washout on CLirim/CDf of the six-place design
from vortex lattice results.

0.8). However, CLi. /CD. became less sensitive to the load
ratio itself. At the fligh trim-lift coefficient of 0.8, the opti-
mum load ratio was about -16.5 with CLtrim/CD of 40.0. This
value changed from 39.89 to 40.0 to 39.83 for load ratios of
-5.25, -16.5, and +14.7.

Using the trends established thus far, a six-place business
aircraft of advanced design was modeled. The canard and the
tail areas were initially kept equal, but later the effect of area
variation was also studied. Staggers of the canard and the tail
were set at approximately 0.15 and 0.25, respectively. These
were considered as reasonable magnitudes for a typical general
aviation aircraft. These values changed slightly for the differ-
ent configurations as the wing was moved to keep a fixed static
margin of 0.2. The optimum gap arrangement was not attain-
able due to fuselage-height constraints. Since a midwing con-
figuration was not considered feasible, all gaps were set to
zero, which would simulate a top of the fuselage-mounted
wing and canard with the horizontal tail mounted on the
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Sc+St=36.0ft2

VORTEX LATTICE
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THREE-SURFACE

CANARD

0.0 0.2 0,4
sc/(sc

0.6
+st)

0.8 1.0

Fig. 13 Effect of area ratio on maximum C'LtAu/CDi of the six-place
design from vortex lattice results.

vertical stabilizer. Using vortex lattice results-, Figs. 11 and 12
show the effects of the wing washout and taper on the effi-
ciency of the configuration. As mentioned earlier, to maintain
the simplicity of design, only linear twists and constant tapers
were employed. In both figures, it is quite evident that the
optimum load ratio approached -2.0 as the configuration
became more efficient. Also, the highest lift-to-induced-drag
ratio achieved in this case was 128.2. This value is in constrast
with 138.4 for the conventional design and 100.5 for the
canard geometry. If Prandtl-Munk theory had been applied,
the best CLir{m/CDi for aircraft would be 155.0 at B = -1.0.
The effect of changing the ratio of the canard and the tail
areas on the maximum value of CLt ^/CD. is shown in Fig. 13.
The design clearly became more efficient as it approached a
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Fig. 14 Lift-to-total-drag ratio for the six-place design from vortex
lattice results.

conventional geometry using the vortex lattice method. Lift-
to-total drag ratio of the three configurations with viscous
effects added are shown in Fig. 14. For the three-surface
configuration, St = SC = 18 ft2, whereas for the canard and the
conventional configurations, Sc = St = 36 ft2. The wing areas
for all three configurations were those that gave the best
^Lirim/CD. in each respective ease. All airfoils used here were
the NASA MS(1)-0313. As shown in this figure, there is a very
small difference among the three different geometries. How-
ever, the canard configuration with the worst CLir. /CD. also
offered the worst performance. Furthermore, the efficiency of
the three-surface design did not exceed that of the conven-
tional configuration at high lift coefficients as reported by
Refs. 9 and 13. On the other hand, a close examination of the
results given in Ref. 13 indicated they were obtained at close to
stall lift coefficients. The linear vortex lattice method used
here was not applicable in such a flight regime.

Conclusions
Comparisons were made between the Prandtl-Munk bi-

plane theory and vortex lattice results for predicting the drag
of three-surface aircraft for general aviation application. Us-
ing a generic three-surface design, the sensitivity of ^LiTim^CD.
to different design parameters was studied. Staggers'"gaps,*
area ratios, wing pitching moment, and the ratio of the canard
to tail loads were varied. The following points were demon-
strated.

1) The Prandtl-Munk theory overpredicts the optimum
CLifi /CD. of all configurations substantially in the presence of
nondliptic spanwise load distributions. Prandtl-Munk theory
also does not predict the optimum load ratio B accurately.

2) For three-surface aircraft under trim conditions, any
reduction of the canard effectiveness results in improvements
in the efficiency.

3) Although increasing gaps improves performance, these
gains are not as large as those predicted by the classical theory.

The above findings were applied to the design of a six-place
business aircraft. It was shown that the three-surface configu-
ration, although being more efficient than a canard design,
remains inferior to its equivalent conventional geometry.
However, when viscous drag was included in the analysis, the
differences between the three-surface and conventional ge-
ometries became very small. Considering this fact, it appears
that the choice of one configuration over the other has to be
made based on other factors such as structures or dynamic
stability.
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